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EINSTEIN SPACES OF POSITIVE SCALAR CURVATURE

YOSIO MUTO

1. Let M be an n-dimensional compact orientable Einstein space with posi-
tive scalar curvature K. Then the concircular curvature tensor Z, ;;, defined by

K
(1) ijih = Kkjih - 'n(T_T)(gjigkh - gkz'gjh,)
satisfies
(2) Zy;in8t =0,
because of
K
K; = - 8ii -

The purpose of the present paper is to prove the
Theorem. If the concircular curvature tensor satisfies the inequality

1 ) 2
(3) X |ZyjinA*BICID? | Sl

at every point of M for any set of unit vectors A, B,C, D, then the Einstein
space M is a space of constant curvature.

Roughly speaking, this theorem tells that, if M, is a space of positive con-
stant curvature, there exist no Einstein spaces other than M, in a sufficiently
. small neighborhood of M,. The inequality (3) is a quite rough and modest esti-
mation. We can get a better estimation by a more elaborate caiculation.

2. In an Einstein space we have VK ;; = 0,7, K = 0, and therefore //,.Z, ;;
= VK ;:». Thus by using Green’s theorem and the second identity of Bianchi,
we get

_f(VLijih)(VLZkﬂh)dV = kaJithVLKkjith
o s
=2 f ZHP K, adV
1’4
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where dV is the volume element of M, and the last step becomes, by virtue
of the Ricci identity and V'K, ,,, = 0,

2fZ"j”’ (—!(——Kkjih — KlkjmKlmih. — KlkimKljmh. - KlkthLjim)dV
o n
2K kiih kjih im i
= 2= | Z¥K0dV 4+ | ZH MK K i — 4K K AV
n
o u

Kl m Kl m K im
kj jk kj

We also obtain, in consequence of (1),
f ZHIK,dV = f ZrnZ, dV
M M
[z mKimon — 4K K m)dV
M

= f(ijithijZlmih - 4Zkﬁhzlkhmzjtmi)dV
M .

TR S [ @gni ~ Ziso + Zyin — Zeydav
nn — 1) .

+ K zein(Z, + ZdV
nn—1) o

In the last step the second and the third terms are cancelled with each other
by virtue of the first identity of Bianchi, so that we have

- f 24T Z, ) dV
(4) u
~ f (%zkmzm b ZHBZ T, — 4zwwzzmmzj,mi)dv .
n .
M

3. At each point P of M let us take an orthonormal frame and consider
all components of Z, ;;, with respect to this frame. By defining m(P) by

m(P) = max (% \Z, ,ihl),

we obtain
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f ZenZ, dV > K f medV |

M M

[z zinadV = —nie [(miay

M M

— f ZrinZtmnZ o dV > — K f mdv .

M M
Hence we have the inequality
(5) fmz(l—%n7m>dVg0.

M

If (3) holds, then m satisfies

on M, and we have
fmz(l — %n7m>dV >0,
u

which and (5) imply that in this case m must be identically zero, and therefore
ijzh -
Hence the theorem is proved.
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